The Mann and Ishikawa type iterative sequences with errors which strongly converge to the unique solution of the equation Tz --/ under weaker conditions are given. The related results deal with the problems that the Mann and Ishikawa iterative sequences with errors strongly converge to the unique fixed point of Lipschitz ¢-hemicontractive operators.
INTRODUCTION
Let X be an arbitrary Banach space, X* be its dual space, and ix, f*> be the generalized duality pairing between x E X and f* E X*. The mapping J : X ~ 2 X° defined by ( 1.5) It was shown in [1] that the class of strongly pseudocontractive operators is a proper subset of the class of C-strongly pseudocontractive operators. The example in [2] shows that the class of C-strongly pseudocontractive operators is a proper subset of the class of ¢-hemieontractive operators. From the inequalities (1.1)-(1.4), it is easy to see that A is a strongly (respectively, C-strongly) pseudocontraetive operator if and only if T = I -A is strongly (respectively, C-strongly) accretive where I is the identity operator. The classes of strongly pseudocontractive operators and strongly accretive operators have been extensively studied by many authors. In particular, Deimling [3, Theorem 13.8] proved that if T : X ~ X is strongly accretive and semicontinuous (i.e., xn ~ x implies that Txn --" Tx), then T maps X onto X; that is, for each ] e X, the equation Tx = f has a solution in X.
Chidume [4] proved that the Mann iterative sequence [5] can be used to approximate the fixed point of the continuous strongly pseudocontractive operator A : K -~ K, where K is a bounded closed convex subset of a uniformly smooth Banach space X. He pointed out that it is not known whether or not the Ishikawa iterative sequence converges for this class of nonlinear operators, see [4, p. 550 ]. Deng and Ding [6, Theorem 1] proved that the Ishikawa iterative sequence can be used to approximate the fixed point of the Lipschitz locally strongly pseudocontractive operator. They also pointed out that it is an open problem that the Lipschitz continuity of A can be dropped in Theorem 1. Ding [7] proved that the Mann and Ishikawa type iterative sequences with errors converge strongly to the unique fixed point of continuous locally strongly pseudocontractive operator A : K -~ K and to the unique solution of the equation Tx = I involving a semicontinuous locally strongly accretive operator T : X --* X under weaker assumptions, where K is a closed convex subset of a uniformly smooth Banach space X. These results answered positively the open problems mentioned by Chidume [4] and Deng-Ding [6] .
Recently, Osilike [1, 8] studied the classes of C-strongly accretive operators and ¢-hemicontractive operators and proved that the Ishikawa type iterative sequence strongly converges to the unique solution of the Lipschitz C-strongly accretive operator equation Tx = f and to the unique fixed point of the Lipschitz ¢-hemicontractive operator A in q-uniformly smooth Banach spaces • and in arbitrary Banach spaces, respectively.
The objective of this paper is to prove that the Mann and Ishikawa type iterative sequences with errors strongly converge to the unique solution of the Lipschitz C-strongly accretive operator equation Tx = f and to the unique fixed point of the Lipschitz ¢-hemicontractive operator A in arbitrary Banach spaces under weaker assumptions. These results improve and generalize many corresponding results in recent literature.
PRELIMINARIES
Let us recall the following two iterative sequences due to Mann [5] and Ishilmwa [9] , respectively. (I) The Mann iterative sequence is defined as follows: for a convex subset K of a Banach OO space X and an operator T : K --* K, the sequence {Xn}n=O is defined by
Iterative Process with Errors 77 where {an}~ffi0 is a real sequence satisfying a0 = 1, 0 < an _< 1 for all n > 1 and ~'~n an = co (or En an(1 -an) = co).
(II) The Ishikawa iterative sequence is defined as follows: for an operator T : K --. K, the OO sequence {xn}nffio is defined by
where {an}~=0 and {/3n}~=0 are sequences of real numbers satisfying the conditions: 0 < an < /3n < 1 for all n > 0, lima/3n = 0 and ~n an/3n = co. The two iterative sequences have been extensively used and studied by many authors for approximating either fixed points of various nonlinear mappings or solutions of nonlinear operator equations in Banaeh spaces.
(III) The Ishikawa iterative sequence with errors is defined in [10] as follows: for a nonempty subset K of a Banaeh space X and an operator T : K --, X, the sequence {xn} in K is defined by By condition (ii) and inequality (2.9), we have ~n°°__0 An < co, which contradicts condition (i). Hence, limn-~oo an = 6 = 0. This completes the proof. REMARK 2.1. If an = 0 Vn > 0, Lemma 2.2 reduces to Lemma of Osilike [8] . 
MAIN RESULTS

THEOREM 3. I. Let X be an arbitrary Banach space and T : D(T) c X --* X be a Lipschitz C-strongly accretive operator with domain D(T) and range R(T). Suppose the equation
Let x* • D(T) be the unique solution and let L be the Lipschitz constant of T. Define an operator S : D(T) --* X by
Sx = f + (I -T)x, Vx • D(T).
Then x* is a fixed point of S, and S is also Lipschitz with constant L. = 1 + L. Since T is C-strongly accretive, we have that for all x, y • D(T), ((I -S)x -(I -S)y,j(x -y)) = (Tx -Ty,j(x -y))
> ¢(llx -vll)llx -vii ¢(llz -vii)
((I -s)x -t(~, v)x -((~ -s)v -t(x, v)v), j(x -v)) > 0.
It follows from [12, Lemma 1.1] that for all x,y E D(T) and r > O,
IIz -vii < Ilx -y + r[(I -s)x -t(x, y)x -( (I -S)y -t(x, y)y)]ll. (3.2)
By (3.1), we obtain
On the other hand, we have
It follows that
xn -x* = (1 + an) (xn+z -x*)
+ an [(I -S)xn+l -a (xn+l, x*) Xn+l -((I -S)x* -a (xn+l, x*) x*)] -(1 -t (~n+~, x*)) an (~n -~*) + (2 -t (~n+l, x*)) a~ (~n -Svn)
+ an (Sxn+I -Syn) -[1 + an (2 -a (Xn+l, x*))] un.
Thus we have
Xn+l an
IIx. 
The rest of argument is now essentially same as in the proof of Theorem 3.1, and hence, is omitted. PROOF. The existence of the unique fixed point x* of A follows from [14] . Since K is convex and A a selfmapping on K, by the definition of the Ishikawa iterative sequence, for any x0 E K, we must have {Xn}~_-0, {Yn}~--0 C K. The conclusion follows from Theorem 3.2 with Un = Vn = 0, Vn>0. REMARK 3.1. The results in Section 3 generalize the corresponding results of Osilike [1, 8] to Ishikawa type iterative sequences with errors and to arbitrary Banach spaces which do not depend on any geometric structure of the underlying Banach space X, respectively. Hence, it is easy to see that our results also improve and generalize the corresponding results in [4, 10, [15] [16] [17] [18] [19] [20] [21] to the more general class of operators, to Ishikawa type iterative sequences with errors and to arbitrary Banach spaces which do not depend on any geometric structure of the underlying Banach space X.
